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Ecihk KB. 



O KBaHTOBOH MO^eJlH rpaBMTaUMOHHOM 3JieKTp03HHaMHKH 



PestOMe: IlpeAnpHHaTa nontiTica o6be,nHHeHHa tcophh, nepcoHHffiHinipoBaHHbix c 
MaKCBenjiOM h Shhihtchhom b OAHy MaTeMaTHnecKyio cxeMy, 
AonycicaiomyK) KBaHTOBoe pacuiHpeHHe. 

1. rpaBHTO-CTaTHHeCKOe H 3JieKTpOCTaTHHeCKOe lipMSjIM/KCHMC 

riocKOJitKy MOAeJit Hcnojit3yeT reoMeTpHK) 4-MepHoro eBKHHAOBa npocTpaHCTBa, to 
nycTt E(4) - npocTpaHCTBO oSbeicrHBHoro HaGjnoAeHHa; c = dx + dx x + dx 2 + dx 3 - 
l-(J)opMa BaicyyMHoro flHHaMHHecicoro noTOKa /ryajibHaa TpHBHajibHOMy BeicropHOMy 



nojiio c ^ ^/dx G + ^/dx x + ^/dx 2 + ^/dx 3 npocTpaHCTBa E(4) ; 

E(3) = E(4)| (c,x) = (c,x) = - npocTpaHCTBO "Ha6jiK)AaTejifl"; % - CTpyHa, T.e. 

npoH3BOJiBHaa HHTerpajibHaa KpHBaa, 3aMeTaeMaa Tfl)KejiOH nacTHHeH. Ilpn 3tom, 
BBinonHaeTca ycnoBHe HanpaBJieHHOCTH CTpyHti, Bti3BaHHoe bo3achctbhcm 
BaKyyMHoro noTOKa, h ycnoBHe oahopoahocth napaMeTpa CTpyHBi, a hmchho, 

If (x), c\ = \f(x), c \ = f_/_ x l' i3 > , |f(x)| = l, r/i,e xer, a z(x),t(x) 
\t{x)\-\c\ 

COOTBeTCTBeHHO BCKTOp, KOBeKTOp, KacaTCJIbHblH K T B TOHKe X . IlyCTb TaKMce 

onpeAeneHa l-(j)opMa npoH3BOJibHoro flHHaMHHecicoro noTOKa B(x,t): 
E(4)\{xfy)} K ->E*(4), me x,.(t)et: ( ., a |Jt,(^) = t, r^e dr^x) - 

1,(0) 

AH(})(J)epeHii,HajiBHBiH 3JieMeHT t, ; , a K c N . Ilpn 3tom nonaraeM, ^to \b(x,t) = \c\, 



d 2 

a flHHaMHKa noTOKa 3a,a,aeTca ypaBHeHHCM — 



B{x,t), 



-A 



^B(x,r),c =0, iyje A - 

d t 

onepaTop Jlannaca b E (4) . KpoMe Toro, npHHHMaeM, hto B = G + A u dB = dA, 

r^e J - onepaTop BHeuiHero /nttjxfiepeHHHpoBaHHa, G - rpaBHTaunoHHaa, A - 
3JieKTpoMarHHTHaa cocTaBJiaiomaa AHHaMHHecicoro noTOKa. riycTt Taioice 3a#aHO 
OTo6pa»ceHHe opToroHanbHoro npocKTHpoBaHna KOBeKTopoB E*(4) Ha AyanbHoe 
E(3) KonpocTpaHCTBO, T.e. pr. E*(4) — > E*(3): x = y - z , r,a,e feE*(3), j>eE*(4), 
zeE*(3) , TeM caMbiM onpeAeneHa npoeiCHHa flHHaMHHecicoro noTOKa Ha 
npocTpaHCTBO HaSniOAaTejia, a hmchho: b = prB: E(3) \ {*",■} — > E*(3) , npnneM 

b = g + a, db = da, r^e g = j^rG, a = . Ecjih Tenepb npeHeGpenb HCTopneH, T.e. 
noMecTHTb AHHaMHHecKHH noTOK h Bee Taacenbie qacTHHbi b nonynpocTpaHCTBO 
a6cojiK)THoro Syzrymero, a nonynpocTpaHCTBO a6cojiiOTHoro npouuioro 
OTOJK/jecTBHTb c BaKyyMOM (nojiynpocTpaHCTBa nojiyneHbi rqjiquhgm E(4) 
noAnpocTpaHCTBOM HaSniOAaTejia), to BbinonHaiOTca rpaHHHHbie ycnoBHa ,zuia 
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a6conK)THoro HacToanjero, T.e. lim B(x) — > c , lim b(x) — > , r^e x, x t e E(3) . Eonee 

Toro, ecuH He yHHTtiBaTt Syaymee, to HMeeT MecTO CTaraHecKoe npH6jinjKeHHe, 
KOTopoe BMecTe c TeM OAH03HanHO peuiaeT sa^any noHCKa b . TaK, rpaBHTauHOHHaa 
KOMnoHeHTa g yAOBJieTBopaeT KpnTepn3M ; dg = 0, d * g = , 

|(* g, d(p 2 )= ^m,. =M r^e * - onepaTop XoAaca b E*(3), x j eQ 3 ($J, Q 3 ($ 2 ) - 

*2 

3-noBepxHOCTt c rpaHHuefi $ 2 , aBJiaiomeHca nporoBOJibHofi 3aMKHyroH 2- 
noBepxHOCTbio, dq> 2 - AH(j)(J)epeH]XHajibHbiH sneMeirr <J> 2 , M - Macca Taacenwx 
nacTHii, nonafl,aioniHx b Q 3 ($ 2 ); BMecTe c TeM, 3JieKrpnHecKaa KOMnoHeirra d 
yAOBjieTBopaeT ycnoBHaM: ddd = 0, d* dd = 0, J(da,<i<p 2 )=^e ( . =2 , r^e Q - 

cyMMapHbiS 3apa^ nacTHii,, nonaAaiODXHx b Q 3 ($ 2 ) . ,3,o6aBHM k 3TOMy, hto 3Aecb h 
Aanee CKanapHoe npoH3BeA£Hne 3JieMeHTOB A p E(n), A p E*(n) cornacoBaHO co 
CBepTKofi, T.e. (a,b^ = {d,b)= (d,b), r^e d,b & A p E(n), d,b& A p E*(n), a nepexoA 
H3 A p E(n) b A^E 1 *^) h oSpaTHbiH nepexoA cornacoBaH c MeTpuKOH E{n) . 

2. IlepexoA k rpaBiiTamioHHoii 3JieKTpoAHHaMHKe 

riycTb paccMaTpHBaeTca AHHaMHHecKHfi noTOK 6e3 B03Mym,eHHH, T.e. B(x,t)=c, a 
npocTpaHCTBO HaSniOAeHHa npeo6pa30BaHO TaK, hto E'(4)=enJE(4): 

( \ * ^ — * 

v3^o — "^o ~ "" — ' — ' y 2, — ' 3^3 — *^3 / ' Tor,n^ c — — ^0 ^ 

3BOJiK)ii,HOHHbiH napaMeTp AHHaMHnecKoro noTOKa momcho OToacAecTBHTb c HyjieBoM 
KoopAHHaToS E'(4), T.e. T = y () , a ^Jia npocTpaHCTBa HaGniOAaTejia HMeeM 

E(3)= {y| (e , y) = o}, npn^eM HaSop e i ,y i aBJiaeTca aTpn6yroM HAeanbHoro (T.e. 

BOo6pa»caeMoro) HaGniOAaTejia, trq e - 6a3HCHbm BeKTop, yKa3biBaK)m,HH 
HanpaBJieHHe a6cojiK)THoro ABHJKeHHa (cTpena BpeMeHu), y - KoopAHHaTa 
a6cojiK)THoro BpeMeHH, e x ,e 2 ,e 3 - 6a3HCHbie BeKTopa a6cojiK)THoro npocTpaHCTBa, 
y 1 ,y 2 ,ys - KoopAHHaTbi a6cojiK)THoro npocTpaHCTBa. IlpH stom, c tohkh 3peHna 
HAeajibHoro HaSmoAaTejia nepexoA k peuieHHK) AHHaMHHecKofi 3aAann 03HanaeT 
yMeHne M npeACKa3biBaTb Gyaymee no HacToameMy", HHane roBopa, TpeSyeTca, 

HcxoAa H3 peineHHa CTaTHnecKoM 3aAanH, T.e. HMea b(y), {y,} K , yvieTb BbiHHCJiaTb 

B{y), {t ; } b nojiynpocTpaHCTBe a6conK)THoro 6yAymero, AJia nero co6cTBeHHO 
Heo6xoAHMO peniHTb BapnauHOHHyio 3aAany: 

Y,m,]{G(y),e )-\dT\ + Y,e^ rw dx - 

y% ft ^4 

AH(})(J)epeHii,HajibHbiH sneMeHT BapbHpyeMOH CTpyHbiT,, Q. 4 - npoH3BOJibHaa 4- 

noBepxHOCTb nonynpocTpaHCTBa 6yAymero, a d(0 A - ee AH(J)(|)epeHii,HajibHbiH 
3JieMeHT. C Apyrofi CTopoHbi, jioKajiH3ai(Ha y no3BOJiaeT nepeHTH k 

AH(})(J)epeHii,HajibHbiM KpHTepnsM MHHHMajibHOCTH T, h B , npH^eM nepBbie 
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cnaraeMbie AOCTaBJiaiOT ypaBHeHHfl ABHaceHHs Taacejibix nacTHH, a nocneAHee - 
ypaBHeHHa fljia rpaBHTau,HOHHoro n 3JieKTpoMarHHTHoro nojien. Orkslko, HecMOTpa 
Ha oneBHAHyio HarjiaflHOCTB moacjih rpaBHTaHHOHHOH ajieierpoAHHaMHiCH, OHa Bee 
ace HeyAo6Ha no npHHHHe OTcyrcTBna HAeanbHoro Ha6jnoAaTejifl. TeM He MeHee, 
yKa3aHHBie HeAOCTaTKH nerKO ycTpaHHMBi H3MeHeHHeM reoMeTpHH npocTpaHCTBa 
Ha6jiK)AeHHfl, npHHeM b HanSonee n0AX0A»ni,eM cjiynae Ha E(3,l). TaK, aji» 
peanBHBix Ha6jiK)AaTejieH, accoHHHpyeMBix c npoH3BOJiBHBiMH npsMbiMH CTpyHaMH, 
noHATHe a6cojiK)THoro npocTpaHCTBa-BpeMeHH HenpneMJieMO, BMecTe c TeM, ecjin 

npHHJITB, HTO 

y(f) y(t) y(r) 

t= ^z dx +T l dx 1 +T 2 dx 2 +T 3 dx 3 , x = Jt^o +T dx l , y= ^T 2 dx Q + T Q dx 2 , 

y(0) y(0) y(0) 

y(j) 

z= §T 3 dx + T dx 3 , Tor^a a™ hhx onpe^ejieHO noHarae co6cTBeHHoro 

y(o) 

npocTpaHCTBa-BpeMeHH, 3aBHCfliHee ot 0-(j)opMbi CTpyHBi 

T y +T l y 1 +t 2 y 2 +T 3 y 3 = T, r^e T >0, a t 15 t 2 t 3 - npoH3BOJiBHO, hto 
o6ecneHHBaeT HanpaBJieHHOCTB CTpyHBi no BaicyyMHOMy noTOKy n OTKa3 ot 
Tpe6oBaHH>i OAHopoAHOCTH t . HacToanniH BBi6op (t,x,y,z) MoaceT Sbitb o6ocHOBaH 
cooTHomeHHeM ajia AHfJxJjepeHHHanoB 
(dt, e Q ) = (dx, e, ) = (dy, e 2 ) = (dz, e 3 ) = T , 

(j/,e 1 )=(<ix,e )=T 1 , 
(dt,e 2 )= (dy,e Q ) = T 2 , 
(dt,e 3 )={dz,e Q ) = T 3 , 

KOTopoe onpeAeJiaeT, hto H3MepeHHe co6ctb6hhbix KoopAHHaT b a6cojiK)THBix 
KoopAHHaTax MacnrraSHO oahopoaho h coraacoBaHO c H3MepeHHeM a6conK)THBix 
KoopAHHaT b coScTBeHHtix KoopAHHaTax, a Taicace TeM, mo Hcnojit3yeMoe peanbHbiM 
Ha6jnoAaTejieM npocTpaHCTBO (t, x, y, z) cooTBeTCTByeT npocTpaHCTBy Mhhkobckoto. 
^encTBHTejitHO, nocKOJibKy 

t = y' =* Q y + ^1 +^2^2 +^3^3' 

x = y[ =T l y Q +r Q y l , 
y = y' 2 =^2^0+^0 y 2 » 
z = y 3 =? 3 y +^0^3' 

n BpaujeHHeM y x ,y 2 ,y 3 b £(3) BcerAa MoacHO aoShtbcs, hto6bi t 2 =t 3 =0, T.e. 
nonyHHTb nHHeHHoe npeo6pa30BaHHe 

t = y' =? yo 

^ = y[ =T 1 yo +T o3'i. 

y = 3^2 =^ 3 ; 2. 

2= ^3 = T 03 ; 3' 

to OTCiOAa CJieAyeT, hto anreSpa 3HAOMop(f>H3MOB tux coBnaAaeT c MaTpnHHOH 



anreSpon 



rpynna aBTOMop(J)H3MOB KOTopoM ABJiaeTca 50(1,1) . B cbok) 



onepeAB, nocKOJibKy aBTOMop(j)H3Mbi x,y,z 3aAaKrrca aBTOMop(j)H3MaMH y { ,y 2 ,y 3 ,a 
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HMeHHO, rpynnon 50(3), to rpynna aBTOMop(J)H3MOB anreSpbi 3haomop4)H3mob 
(t,x, y,z) 3KBHBaneHTHa S0(l,3). 

TaKHM o6pa30M, Moment rpaBHTauHOHHOH sjieiopoAHHaMHKH paBHOMepHO 
ABH>Kymeroca Ha6jH0AaTejia, c(J)opMyjiHpoBaHHaa b TepMHHax CKanapHoro 
npon3BeAeHna E*(3,l) , 3KBHBajieHTHa BapnaHHOHHOH 3a,a,aHe: 

Y,m l j{d(x),dT)+Y,e i j{A(x),dT)+d ^(B,B)dO) 4 = 0, r/je xs E(3,l), a 

% Xj n 4 

B e E*(3,l) , tjxq B = G + A h dB = dA . 

3aMCTHM npH 3T0M, HTO HaCTOaiHHH nOAXOA He npOTHBOpeHHT 3HHIUT6HHOBCKOH 

HHTepnpeTaiiHH TaroTeHHa, nocKOJibicy noKajitHO reoMeTpnn bcktophbix nojien 
nceBfloeBKHHAOBa npocTpaHCTBa cooTBeTCTByeT reoMeTpna MHoroo6pa3HH c 
nceBAopHMaHOBofi MeTpHKoM, ,zuia nero AOCTaTOHHO npHHaTt, hto g x {y)= {g(x), y), 
rjj,e g x {y) - 3HaHeHne KBaflpaTHHHon (JjopMti g x Ha Beicrope y b TOHKe x hckomoto 
nceBAopHMaHOBa npocTpaHCTBa. B to ace BpeMa, ,zuia nonHoro OTOMCAecTBJieHna 
MOAenH c o6menpHHaTWMH TeopnaiviH HeoGxo/niMO noica3aTb, hto 

8 J" (dA, dA)d(0 4 + 8 1 (g, g) dco 4 . 
3. KBain OBaiiMC moacjih 

C TOHKH 3peHHa (j)H3HHeCKHX npeACTaBJieHHH KBaHTOBaHHe MOAeJIH 3aKJIK)HaeTCa B 
CBOpaHHBaHHH HyjieBOH KOOpAHHaTbl HCXOAHOTO npOCTpaHCTBa E{A) B OKpjOKHOCTb 

/uiHHbi h — 27th n b 0TKa3e ot nojiHOH npeAonpeAeneHHOCTH b SBOjnonnn 
AHHaMHHecKoro noTOKa h CTpyH. MaTeMaraHecKH nacTHHHaa KOMnaKTHtftHKanna 
£■(4) MOJKeT 6biTb npeACTaBJieHa KaK OAHOMepHaa (fiaKroproanna 

£■(4) — > E{a): ip' h x " ,x x , x 2 ,x 3 ) , KOTopaa npeo6pa30BaHHeM y Q = e' n *° + x l + x 2 + x 3 , 

y l = e' n x ° — x l , y 2 = e' n x ° — x 2 , y 3 = e' n x ° — x 3 npHBOAHTca k HHJiHHflpnHecKHM 
KoopAHHaTaM a6cojnoTHoro npocTpaHCTBa-BpeivieHH. ilpn stom, noA 
ijHJiHHApHHecKHMH KoopAHHaTaMH noHHMaiOT Hnana Tnna x + e' y , r^e x,ye R, a 
onepannn c hhmh HHAyu,HpoBaHbi H3 R no npaBnnaM (x l + e' y ' )+ (x 2 + e iyi ) = 
(x l + x 2 )+ e' (v ' +v ^ ; (x l + e' y ' )■ (x 2 + e' yi )= x l ■ x 2 + e iyi ' yi . ,H,ajiee, npHHHMaa /nia 
ynpomeHna, hto h = l, paccMOTpHM 4>aKTopH3aijHK) E{l). 3accb mbi HMeeM 
a6cojiK)THbie KoopAHHaTbi npocTpaHCTBa E(l): (y = e' x ° + x l ,y l = e' x ° - x^, 
KOTopbie, OAHaKO, npeo6pa30BaHHeM y' = (e' k + A: _1 )y = e ,kx ° +k~ 1 x l , 
y[ = (e' k + k' 1 )y { = e' kx ° —k~ l x l npeAcraBJiaiOT y>Ke 4»aKTopH3aijHK) E{l,l), 
nocKOJibKy y 2 Q - yf =(y Q -y l )-(y + yi) = 4x Q x l , r^e y Q =x Q + x x , y x =x Q -x x . 
CueAOBaTejibHO nceBAoeBKJiHflOBbiM npeo6pa30BaHHaM E(l,i) cooTBeTCTByeT 
Ae(J)opMaii,Ha ijHJiHHApa (J)aKTopH3aijHH E(l,l) no nepnivieTpy c KosfJxjjnnneHTOM k a 

no o6pa3yK)uj,eH c K03(J)(|)Hii,HeHTOM k~ l . C yneTOM noHaraa nncna hoboto Tnna 
Heo6xoAHMO TaK>Ke nepeonpeAenHTb noHaTne CKanapHoro npoH3Be/iCHHa BeKTopoB 
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eBKHHAOBa npocTpaHCTBa, noABeprHyrbix HHJiHHflpHHecKOH (jjaKroproauHH, TaK hto, 
nonaraa (p,b) = (a,b)+e' h r^e a,b e E , a,b e E , HMecM HCKOMyio (JjopMyjiy. 
B paMKax HOBoro MaTCMaTHHecKoro 4>opMajiH3Ma c(f>opMynHpyeM nocTaHOBKy 

BapHaU,HOHHOH 3aflaHH npe/TKBaHTOBOH MOAeJIH rpaBHTaHHOHHOH 3JieKTpO,fl,HHaMHKH, 

a HMeHHO, d(s d +e' h St ')=0, r^e S cl - nocTyjinpoBaHHoe bo btopom nyHKTe 
AeficTBHe, KOTopaa b cbok) onepeAt npHBOAHT k CTapofi KBaHTOBOH TeopHH, 
nocKOJitKy caMa pa36HBaeTca Ha res 3a^anu, a hmchho, 8 S cl = h 5 e' n Sd = 0, 
OTKy^a S cl = zh , r,a,e z e Z . BMecTe c TeM, pemeHHa ana CTpyH h nojien aojekhh 

Tenept npHHafljie^aTb (J>aKTopn3aBaHHBiM npocTpaHCTBaM 2?(l,3) h £*(l,3) 
cooTBeTCTBeHHO. HaKOHeii, nepexoAfl k nocraHOBKC BapnauHOHHOH 3a,zi,aHH 
KBaHTOBOH MOAenH, nocTynHpyeM 3ajxany ^(iS^+e* s ')=0, KOTopaa npHBOAHT k 
BepoflTHOCTHOMy onncaHHio ee pemeHHH, HaxoAamnxca b rnjitSepTOBOM 

npOCTpaHCTBe BepOaTHOCTHblX JIOByUieK, T.C Bep03TH0CTH0 yCTOHHHBblX C0CT03HHH 

nojien h CTpyH. Ilpn stom, ochobhbim MaTeMaraHecKHM HHCTpyMeHTOM 
HCCJieAOBaHHa 3,zjecb aBJiaeTca KOMnjieKCHaa aMnnHTyzja BepoaTHOCTeM coSwthh, 
npoHCxozuninrx Ha OKpyacHOcra. ^ehctbhtgjibho , nycTt Ratio pacnpeAeneHne 
nnoTHOCTH BepoaTHOcra coSwthh Ha OKpyacHOCTH p((p), r#e <pe [0,2;r], p(q>)>0, 



2% 2% 



^ p(q>)d(p = 1, Torfl,a onpeAeneH HHTerpan ^ p((p)e" f ' d(p = P, r^e mod(p)e [0,l], 



arg(.P)e [0,2;r], a nocKOJibKy npocTpaHCTBO coGbithh {<p} bjiojkcho b jiHHeHHoe 
KOMnneKCHoe npocrpaHCTBO, to arg(p) npeACTaBJiaeT MaTCMaTHHecKoc o>KHflaHHe 
(cpeAHee 3HaneHHe) E<p a mod(.P) - xapaKTepH3yeT aMnjiHTyay cpeAHero 3HaneHHa 
cnynaHHOH BenHHHHbi cp . TaKHM o6pa30M, pacnpeAeneHHe bcihgctbchhoh 

nnoTHOCTH BepoaTHOCTeii co6bithh npocTpaHCTBa E(4) 3KBHBaneHTHO 
pacnpe/ieJieHHK) hjiothocth KOMnneKCHOH aMnnHTyflbi BepoaTHOCTeii, 3a#aHHOH b 3- 

MepHOM eBKJIHAOBOM npOCTpaHCTBe. 

Bweod: IIpHMCHCHHe kohhchhhh AHHaMHHecKHx noTOKOB, 3a/],aHHbix b 

HHJIHHApHHeCKH (J>aKTOpH30BaHHOM 4-MepHOM eBKJIHAOBOM npOCTpaHCTBe, 

o6ecneHHBaeT uejiocTHbiH MaTeMaraHecKHH no/rxoA k (JtopMHpoBaHHio npocTpaHCTBa 

MHHKOBCKOrO a TaKMCe CTpyKTypHOH CXeMbI 3JieKTpO,fl,HHaMHKH, rpaBHTO-AHHaMHKH 
H KBaHTOBOH TCOpHH. 



